We investigate the potential of future TeV linear e + e − colliders to observe singlycharged Higgs bosons (H ± ) via the coupling H ± W ∓ Z, which would signal the existence of exotic Higgs representations. In the context of a Higgs-triplet model compatible with the electroweak oblique parameters, we estimate the cross section for producing charged Higgstriplet bosons that couple predominantly to W and Z bosons in 0.5-2 TeV-e + e − colliders.
The physics potential of a TeV-e + e − collider, such as the proposed next linear collider (NLC) planned to operate with a centre-of-mass energy of 500 GeV [1] , includes the exploration of the parameter space of theories beyond the minimal Standard Model (SM).
Theories beyond the SM usually predict the existence of charged Higgs bosons (H ± ) [2] .
In particular, if charged Higgs bosons are produced via a sizeable H ± W ∓ Z coupling, this alone can reveal the origin of the charged Higgs boson, i.e., as a member of a Higgs-triplet realization beyond the SM. In extensions of the SM with Higgs doublets and singlets, the coupling H ± W ∓ Z vanishes at tree level and can only be generated at one-loop level [3, 4] . (σ 1 ± σ 2 ), with the Pauli matrices denoted by σ 1,2,3 ], whereas G ± W ∓ Z ∝ T + Φ i is non-zero as should be the case in a renormalizable extension of the SM. In multi-Higgs doublet models, the resulting strength of the loopinduced H + W − Z-coupling turns out to be rather small of the order of 10 −2 relative to the SM vertex HW + W − . A large H ± W ∓ Z coupling is therefore an indicator of exotic triplet or higher Higgs representations beyond the SM; searches for experimental signatures of this coupling will offer unique tests for the presence of such exotic representations.
In the context of theories containing Y = 2 Higgs-triplet fields, our aim is to show that
TeV-e + e − colliders are capable of differentiating whether the charged Higgs bosons belong to a triplet or doublet representation after taking into account the SM background. Such a distinction is harder to achieve at hadron colliders; searches there for doublet charged
Higgs bosons have been discussed [5] . Complex triplet representations also predict doubly charged Higgs bosons (i.e. H ++ ); we shall not address their signatures here, but refer the reader to Ref. [6] for H ++ signals at hadron colliders and Ref. [7] for H −− production at e − e − linear colliders.
In models with Higgs triplets, one has to face difficulties coming from large contributions to the electroweak parameters S, T , and U [8] (generalized to V , W , and X [9] ).
Especially, compatibility with the Veltman parameter ρ (∝ T ) [10] and the absence of large flavour-changing neutral currents suggest that the neutral component of the left-handed triplet should possess an unnaturally small vacuum expectation value of the order of eV.
An interesting scenario that avoids this problem was considered by Galison [11] , and Georgi and Machacek [12] . They introduced more than one triplet field into the model and imposed an SU(2) custodial symmetry on the vacuum expectation values and hypercharges of the Higgs multiplets to ensure ρ = 1 at tree level. This scenario was further analyzed by Chanowitz and Golden [13] , who examined stability conditions of the SU(2) custodial symmetry in the Higgs potential under higher order quantum corrections. To be more precise, the model under discussion consists of the usual SM Y = 1 complex doublet Φ, plus one real Y = 0 and one complex Y = 2 triplet given by
Among the various Higgs fields that the model predicts, there exist charged Higgs-triplet bosons H ± (sometimes denoted as H ± 5 ), which have no-tree level couplings to fermions. In addition to H ± , the model also contains charged Higgs-doublet bosons H ′± (also called
) that do not couple to gauge bosons in the Born approximation. Specifically, after diagonalizing the charged Higgs-boson matrix by assuming that the SU(2) custodial symmetry is preserved, they are identified as
where φ + is the charged-field component of the Higgs doublet Φ and
H is the sine of a doublet-triplet mixing angle defined as 
where g w is the usual SU(2) L electroweak coupling constant, c 
3 . An exhaustive list of the Feynman rules containing all the Higgs particles involved in this model can be found in Ref. [15] . Furthermore, as an effect of the SU (2) custodial symmetry, all fiveplet members are degenerate in mass and so the only dominant decay mode is H + → W + Z. The partial width of this decay channel is given by
H . Of course, if such a scenario were embedded in a grand unified theory (GUT), one would have to cope with the known gauge-hierarchy problem or problems related to the existence of a unification point at the GUT scale M X . Solutions to these problems may be achieved by considering a supersymmetric GUT version that contains our low-energy model [15] . One may therefore expect that additional supersymmetric scalars will be present in the theory and give rise to new decay modes for a very heavy charged Higgs boson with mass of order 1 TeV. For our present illustrations, however, it is reasonable to consider a scenario in which B(H + → W + Z) ≃ 1 for charged Higgs masses M H < ∼ 600 GeV and s H ≃ 1.
There are two preferred channels for hunting the charged-triplet Higgs at TeV-e + e − colliders:
e (illustrated in Fig. 1 ), both of which depend on the W ± ZH ∓ vertex.
The Feynman diagram is depicted in Fig. 1 (i). The total cross section for 
where v e = 1 − 4s 2 w , the colour factor N C = 3 (1) for quarks (leptons), and
The function J(α, β, γ) is defined as
In case of complex arguments, the function J(α, β, γ) should be continued analytically.
In Fig. 2 , we have plotted the total cross section (summing H + and H − channels) as a function of the charged Higgs mass at center-of-mass energies √ s = 0.5, 1, 1.5 and 2 TeV.
We also summed over all the fermion pairs ff ′ . Since H ± decays into W and Z bosons, the process of interest is e + e − → ff ′ W ± Z, in which the vector bosons may be identified via their leptonic decays into electrons and muons. Obviously, the irreducible background is the SM production of e + e − → W + W − Z. The leptonic branching fractions are:
where we have included the modes
−ν e/µ ν τντ , so the quantity X ν denotes either one or three neutrinos. From these branching fractions and the cross sections of Fig. 2 , we see that pure leptonic signals from charged Higgs production via this process are very small, and decrease as c.m.s. energy √ s increases as indicated by the 1/s factor in Eq. (6) . We shall therefore henceforth focus our attention mainly on the more promising W Z fusion process, but we will take account of small contributions from the Bjorken process at √ s = 0.5 TeV, where they are not negligible.
(ii) The fusion process
This reaction depicted in Fig. 1 (ii) offers larger signals than the previous process. The total cross section can be written
where the squared transition element averaged over the spins of the initial states is
and the coupling constants g
L,R are given by
Here, the superscripts (w) and (z) refer to the production vertices of a virtual W and Z boson, respectively. Furthermore, s, s 1 , s 2 , t 1 , and t 2 in Eq. (11) are the usual Mandelstam variables defined as follows:
The phase-space limits of the Mandelstam variables listed in Eq. (13) as well as the definition of the kinematic function ∆ 4 in Eq. (10) can be found in Ref. [16] . In Fig. 3 , we
show the computed total cross section as a function of the charged Higgs boson mass M H at √ s = 0.5, 1, 1.5, and 2 TeV. Unlike the Bjorken-type process this channel has a cross section increasing with √ s.
The signal of interest is e + e − → e ∓ νH ± → e ∓ νW ± Z with leptonic decays; we therefore concentrate on the channel
where ℓ, ℓ ′ denote e or µ. It is understood that decays W → τ ν → ℓννν are always included, since they are practically impossible to be distinguished experimentally from the direct leptons in W → ℓν, but decays Z → τ τ → ℓℓνννν can be excluded because the dilepton invariant mass is generally much less than M Z . The W Z-fusion process then has net branching fraction 0.017, that multiplies the cross section of Fig. 3 to give the cross section in this leptonic channel.
The main characteristics of the W Z-fusion four-lepton signal are: three hard central leptons from W and Z decay; one scattered beam e ± ; two of the leptons reconstruct the Z boson; and the two undetectable neutrinos give large missing p T . Note that the Bjorken process also contributes in this channel, albeit at a low level, and must be added to the final signal.
We must now discuss the main SM backgrounds in the above channel, together with possible kinematic cuts to reduce them with minimal loss of signal. These backgrounds are: The total cross section of this production is very large, of order 2 pb at √ s = 1.5 TeV due to the double photon-exchange diagrams. Fortunately, this huge cross section can be substantially reduced by requiring both the scattered beam electron and positron to be away from the beam direction (e.g. requiring | cos θ e | < 0.98), and by constraining the invariant mass of one lepton pair to be around the Z mass while the invariant mass of the other pair is larger than M Z + 10 GeV. After all these requirements this background remains non-negligible, so we include it in our analysis.
(c) e + e − → e ± W ∓ Zν, followed by the subsequent decays W ± → e ± , µ ± X ν and Z → ee, µµ.
The Feynman graphs of this SM reaction may be found in Fig. 4 of Ref. [17] . This process refers only to the scattering channel, while the annihilation channel is already included in process (a). The total cross section of this process is also very large due to the photon- Thus the only major backgrounds are (a), (b), and (c).
Our strategies to select the signal and minimize these backgrounds are as follows.
• We select events with exactly four charged leptons in the final state (no hadrons), at least one of which must be e ± , and impose the following lepton acceptance cuts: (15) where θ ℓ is the angle between the lepton and the beam direction.
• Since two of the four charged leptons should come from a Z boson, we require one pair of oppositely charged leptons of the same flavour to reconstruct the Z mass in the range
• For the other pair of leptons (which should come from W decay and a scattered e − /e + ), we require them to have opposite charges, one of them to be e ± , and their invariant mass M(eℓ) to be above the Z range:
• We impose a missing transverse momentum cut
• We attempt to form the invariant mass of the two leptons, which reconstruct the Z boson, plus the lepton from the W decay. For eµZ final states it is uniquely determined that M(µZ) is the correct combination. But for eeZ final states (half of our signal) the choice is ambiguous; here we choose the minimum of the two invariant masses M(eZ), denoted by M(ℓℓℓ − min). In the case of the signal, M(ℓℓℓ − min)
turns out to have a distribution very similar to the "correct" invariant mass M(µZ)
in the eµZ channel; both have the same sharp upper limit
The lower limit on M(µZ) is found by reversing the sign of λ 1/2 above. This variable is intended to distinguish further between signal and background.
A possible additional strategy would be to select only eµZ in the final state. This would trivially remove some of the backgrounds and would remove the need for the M(ℓℓℓ− min) variable. However, the signal would then be halved and the major backgrounds would remain, reduced by no more than the same factor 2. We do not choose this option here.
We have computed the triplet-Higgs signal and the main backgrounds with the above acceptance criteria, using Monte Carlo methods. The signal calculations are based on spinor trace techniques; the H ± → W ± Z → ℓ ± νℓ ′l′ decay trace is analogous to the production trace, with appropriate crossings; the effects of W → τ ν → ℓννν cascade decays are included by the methods of Ref. [19] . The background calculations are based on helicity amplitude techniques, extending the codes originally developed in Ref. [17] . We have restricted ourselves to masses M H > M W + M Z , for which on-shell H ± → W ± Z decays are possible. Our integrated cross section results are exhibited in Table 1 . Several comments should be made.
(i) The signals do not rise monotonically with energy, unlike the uncut cross sections in Fig. 3 . This is mostly because of the angular cut on the scattered beam electron or positron, that removes a larger fraction of electrons at higher energy. The signal would increase if this cut were relaxed, and ideally one might consider different cuts for different energies;
however, the background would increase even more (and there are also practical difficulties in detecting at small angles in linear colliders), so we have not pursued this option.
(ii) The other cuts do not cost more at higher energy. The cut on the two non-Z lepton invariant mass is in fact the most costly at the lowest energy, √ s = 0.5 TeV, where it typically halves the signal; this is understandable, because the scattered beam electron is less energetic at lower s. Fig. 4 ), rather than the total of 9 background events altogether.
We now briefly discuss the effects of initial state radiation (bremsstrahlung and beamstrahlung), that are not included in our analysis above. Both bremsstrahlung and beamstrahlung reduce the center-of-mass energy √ s to an effective center-of-mass energy √ŝ , while beamstrahlung at e + e − colliders also increases the effective luminosities. The effect of beamstrahlung on the effective luminosities at various e + e − collider designs can be found in Ref. [20] ; the increase in luminosities varies from a factor of 1.3 to 3.3 and is favourable to our signal. The reduction in the effective center-of-mass energy does not have such an adverse effect on our signal as one might at first suppose; although the uncut signal cross section decreases with √ŝ , this is compensated by the effect of the cuts, at least at the higher energies (see Table 1 ). Furthermore, although bremsstrahlung is inevitable, standard, and independent of the collider designs, the beamstrahlung can always be minimized by designs, e.g. by using a ribbon-shaped beam. Thus initial state radiation has only a marginal effect in our analysis, and can even increase the signal.
Finally, we remark briefly on the possibility of using the hadronic decays of W Z → (jj)(jj), where j denotes a hadronic jet, to identify the charged Higgs boson. The advantages of the hadronic mode are the much larger branching fraction and the full reconstruction of the charged Higgs boson. The increase in branching ratio is more than a factor of 25. However, the same is true for the backgrounds, and might be even worse due to additional QCD backgrounds; also it is impractical to distinguish event-by-event between the W and Z bosons using the hadronic mode, since they give very similar dijet invariant In conclusion, we have investigated the feasibility of using the W Z fusion process, 
